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Abstract—The goal of this paper is to understand the
key merits of multihop relaying techniques jointly in
terms of their energy efficiency and spectral efficiency
advantages in the presence of multiuser diversity gains
from opportunistic (i.e., channel-aware) scheduling and
identify the regimes and conditions in which relay-assisted
multiuser communication provides a clear advantage over
direct multiuser communication. For this purpose, we use
Shannon-theoretic tools to analyze the tradeoff between
energy efficiency and spectral efficiency (known as the
power-bandwidth tradeoff) over a fading multiuser relay
channel with K users in the asymptotic regime of large
(but finite) number of users (i.e., dense network). Benefiting
from the extreme-value theoretic results of [1], we char-
acterize the power-bandwidth tradeoff and the associated
energy and spectral efficiency measures of the bandwidth-
limited high signal-to-noise ratio (SNR) and power-limited
low SNR regimes, and utilize them in investigating the
large system behavior of the multiuser relay channel as
a function of the number of users and physical channel
SNRs. Our analysis results in very accurate closed-form
formulas in the large (but finite) K regime that quantify
energy and spectral efficiency performance, and provides
insights on the impact of multihop relaying and multiuser
diversity techniques on the power-bandwidth tradeoff.
Index Terms—Power-bandwidth tradeoff, relay-assisted
multiuser communications, opportunistic scheduling, mul-
tiuser diversity, multihop relaying, energy efficiency, spec-
tral efficiency
I. INTRODUCTION
We consider the uplink and downlink of a cellular
multihop/mesh system (e.g., IEEE 802.16j systems),
with one base station, one fixed relay station and K
users. The role of the relay station is to enhance end-
to-end link quality in terms of capacity, coverage and
reliability using multihop routing techniques [2], and its
presence allows the base station to choose between (i)
sending/receiving data directly to/from a given user, (ii)
communicating over a two-hop route where the base
station sends data to the relay station and the relay
station forwards the data to the users in downlink, and
vice versa for the uplink. We refer to this communication
model as the multiuser relay channel; which includes
both the multiaccess relay channel (uplink) [3], [4] and
broadcast relay channel (downlink) [3], [5].
For fixed portable applications, where radio channels
are slowly varying, multiple access methods based on
opportunistic scheduling mechanisms take advantage of
variations in users’ channel quality and allocate re-
sources such that the user with the best channel quality
is served at any given time or frequency (could be
subject to certain fairness and delay constraints). It
has been shown by the pioneering works [6]-[8] that
the sum capacity under such opportunistic scheduling
algorithms increases with the number of users; yielding
multiuser diversity gains by exploiting the time and
frequency selectivity of wireless channels as well as the
independent channel variations across users.
Relation to Previous Work: While multiuser diversity
concepts over traditional cellular systems is well under-
stood, there are open issues on the design and analy-
sis of resource allocation and opportunistic scheduling
algorithms in relay-based cellular multihop networks.
Recently, low-complexity resource management meth-
ods for OFDMA-based cellular multihop networks were
proposed in [9]-[10], and were shown to simultaneously
realize gains from both multiuser diversity and multihop
relaying to enhance capacity and coverage. Moreover, in
[1], tools from extreme-value theory were used to char-
acterize the spectral efficiency of opportunistic schedul-
ing algorithms over fading multiuser relay channels in
the asymptotic regime of large (but finite) number of
users, and to provide insights on the role of multiuser di-
versity, multihop routing and spectrum reuse techniques
in leveraging the system-level performance. Finally, ap-
plications of opportunistic communication principles to
relay-assisted wireless networks were investigated in
various other contexts in [11]-[14].
Contributions: The prior art on the analysis of op-
portunistic scheduling algorithms over the multiuser
relay channel has focused on spectral efficiency, which
is clearly an important performance metric given the
scarcity of bandwidth resources in a cellular network
and system operation in the bandwidth-limited regime.
Often however, each user’s mobile terminal in a cellular
network could additionally be severely constrained by its
computational and transmission/receiving power and/or
could be subject to poor signal quality due to path loss
and shadow fading effects of the wireless channel (e.g.,
mobile terminal in a coverage hole at the cell edge),
leading to system operation in the power-limited regime,
where the optimization of energy efficiency becomes
crucial in system design.
The goal of this paper is to understand the key merits
of multihop relaying techniques jointly in terms of their
energy efficiency and spectral efficiency advantages in
the presence of multiuser diversity gains from oppor-
tunistic (i.e., channel-aware) scheduling and identify the
regimes and conditions in which relay-assisted multiuser
communication provides a clear advantage over direct
multiuser communication. For this purpose, we use
Shannon-theoretic tools to analyze the tradeoff between
energy efficiency and spectral efficiency (known as the
power-bandwidth tradeoff) over a fading multiuser relay
channel with K users in the asymptotic regime of
large (but finite) number of users (i.e., dense network).
Benefiting from the extreme-value theoretic results of
[1], we characterize the power-bandwidth tradeoff and
the associated performance measures of the high and low
signal-to-noise ratio (SNR) regimes, and utilize them in
investigating the large system behavior of the multiuser
relay channel as a function of the number of users and
physical channel SNRs. Our analysis results in very
accurate formulas in the large (but finite) K regime, and
provides insights on the impact of multihop relaying and
multiuser diversity techniques on the power-bandwidth
tradeoff.
II. MULTIUSER RELAY CHANNEL MODEL AND
PROTOCOL ASSUMPTIONS
Consider the network depicted in Fig. 1 with K + 2
nodes, in which K users, indexed by k = 1, ...,K ,
send/receive information to/from a base station. The
relay station is designated to help users transmit/receive
information utilizing its high capacity backhaul link to
the base station. In other words, multiple users share a
single relay for uplink and downlink (i.e. multiaccess
and broadcast).
We assume that all the links over the multiuser relay
channel are corrupted by additive white Gaussian noise
(AWGN). Furthermore, the links between the base sta-
tion and users are assumed to be under frequency-flat
multiplicative fading i.i.d. across users, with complex
channel gains {hk}Kk=1, where |hk|2 ∈ R is a real-valued
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Fig. 1. Multiuser relay channel model (both uplink and downlink).
random variable representing the channel power gain for
the link between the base station and user k, drawn from
an arbitrary continuous distribution Fh with E[|hk|2] =
1, ∀k. The average received SNR between the base
station and each user equals SNR(b). Analogously, the
links between the relay station and users have average
SNRs given by SNR(r),1 and are under frequency-flat
fading i.i.d. across users, with complex channel gains
{gk}
K
k=1, where |gk|2 ∈ R represents the channel power
gain for the link between the relay station and user
k, drawn from an arbitrary continuous distribution Fg
with E[|gk|2] = 1, ∀k. The set of channels {hk}Kk=1
and {gk}Kk=1 are independent. It is assumed that the
cellular backhaul link between the base station and relay
station is an AWGN line-of-sight (LOS) connection with
received SNR equal to SNRB .
Furthermore, our channel model concentrates on the
quasi-static regime, in which, once drawn, the channel
gains {hk}Kk=1 and {gk}Kk=1 over the multiuser links
remain fixed for the entire duration of a time slot
allocated for codeword transmission i.e., each code-
word spans a single fading state, and that the channel
coherence time is much larger than the coding block
length, i.e., slow fading assumption. Due to slow fading,
each terminal in the multiuser relay channel is able
to obtain full channel state information regarding its
transmission/reception links. Because the transmission
rate of each codeword over each hop is adaptively chosen
so that reliable decoding is always possible (the data rate
is changed on a codeword by codeword basis to adapt
to the instantaneous channel fading conditions), system
is never in outage provided that the coding blocklength
is arbitrarily large.
For the following analysis, we assume a time-division
1Superscript b stands for ”base” station and r stands for ”relay”
station.
based (half duplex) relaying constraint for multi-hop
routing protocols, which is due to the practical limitation
that terminals can often not transmit and receive at
the same time. In particular, we consider a two-phased
decode-and-forward protocol; where, for a given routing
path between the base station and a given user, the
relay station hears and fully decodes the transmitted data
signal in the first phase and forwards its re-encoded
version in the second phase. Moreover, we consider
the use of point-to-point capacity achieving codes only
(without any kind of cooperation across terminals) over
all transmissions over the multiuser relay channel and
do not impose any delay constraints on the multihop
system; in contrast, we allow each coded transmission
to have an arbitrarily large blocklength, although we will
be concerned with the relative sizes of blocklengths over
multiple hops.
III. ASYMPTOTIC MEASURES OF ENERGY AND
SPECTRAL EFFICIENCY
This section describes our methodology for evaluating
power-bandwidth tradeoff in multiuser relay channels
and accordingly introduces the key measures of energy
and spectral efficiency to be used in our performance
characterization. As part of the prior art in this respect,
the analytical tools to study the power-bandwidth trade-
off in the power-limited regime have been previously
developed in the context of point-to-point single-user
communications [15]-[16], and were extended to multi-
user (point-to-multipoint and multipoint-to-point) set-
tings [17]-[20], as well as to adhoc wireless networking
examples of single-relay channels [21]-[22], AWGN
multihop networks [23]-[25] and dense multi-antenna re-
lay networks [26]. In the bandwidth-limited regime, the
necessary tools to perform the power-bandwidth tradeoff
analysis were developed by [17] in the context of code-
division multiple access (CDMA) systems and were
later used by [27] and [28] to characterize fundamental
limits in multi-antenna channels over point-to-point and
broadcast communication, respectively, and by [24], [26]
to study a variety of adhoc networking scenarios.
We assume that all terminals in the multiuser relay
channel are supplied with finite total average transmit
power P (in Watts (W)) over unconstrained bandwidth
B (in Hertz (Hz)). The multiuser relay channel with
desired end-to-end data rate R must respect the fun-
damental limit R/B ≤ C (Eb/N0), where C is the
Shannon capacity (ergodic mutual information2 ) (in
bits/second/Hertz or b/s/Hz), which we will also refer
2We emphasize that due to our assumptions on the channel statistics
stated in Section II, a Shannon capacity exists (this is obtained by
averaging the total mutual information over the statistics of the channel
processes) for the multiuser relay channel.
as the spectral efficiency, and Eb/N0 is the energy per
information bit normalized by background noise spectral
level, expressed as Eb/N0 = SNR/C(SNR), for SNR =
P/(N0B) and C denoting the spectral efficiency as a
function of SNR 3 (in nats/second/Hertz or nats/s/Hz).
There exists a tradeoff between the efficiency measures
Eb/N0 and C (known as the power-bandwidth tradeoff)
in achieving a given target data rate. When C ≪ 1,
the system operates in the power-limited regime; i.e.,
the bandwidth is large and the main concern is the
limitation on power. Similarly, the case of C ≫ 1
corresponds to the bandwidth-limited regime. Tightly
framing achievable performance, particular emphasis in
our power-bandwidth tradeoff analysis is placed on the
regions of low and high Eb/N0.
Low Eb/N0 regime: Defining (Eb/N0)min as the
minimum system-wide Eb/N0 required to convey
any positive rate reliably, we have (Eb/N0)min =
min SNR/C(SNR), over all SNR ≥ 0. In most scenar-
ios, Eb/N0 is minimized in the power-limited wideband
regime when SNR is low and C is near zero. We
consider the first-order behavior of C as a function of
Eb/N0 when C → 0 by analyzing the affine function
(in decibels) 4
10 log10
Eb
N0
(C) = 10 log10
Eb
N0 min
+
C
S0
10 log10 2+o(C),
where S0 denotes the “wideband” slope of spectral
efficiency in b/s/Hz/(3 dB) at the point (Eb/N0)min,
S0 = lim
Eb
N0
↓
Eb
N0 min
C(EbN0 )
10 log10
Eb
N0
− 10 log10
Eb
N0 min
10 log10 2.
It can be shown that [15]
Eb
N0 min
= lim
SNR→0
ln 2
C˙(SNR)
, (1)
and
S0 = lim
SNR→0
2
[
C˙(SNR)
]2
−C¨(SNR)
, (2)
where C˙ and C¨ denote the first and second order
derivatives of C(SNR) (evaluated in nats/s/Hz).
High Eb/N0 regime: In the high SNR regime (i.e.,
SNR→∞), the dependence between Eb/N0 and C can
be characterized as [17]
10 log10
Eb
N0
(C) =
C
S∞
10 log10 2− 10 log10(C)
+ 10 log10
Eb
N0 imp
+ o(1),
3The use of C and C avoids assigning the same symbol to spectral
efficiency functions of SNR and Eb/N0.
4 u(x) = o(v(x)), x → L stands for limx→L u(x)v(x) = 0.
where S∞ denotes the “high SNR” slope of the spectral
efficiency in b/s/Hz/(3 dB)
S∞ = lim
Eb
N0
→∞
C(EbN0 )
10 log10
Eb
N0
10 log10 2
= lim
SNR→∞
SNR C˙(SNR) (3)
and (Eb/N0)imp is the Eb/N0 improvement factor with
respect to a single-user single-antenna unfaded AWGN
reference channel5 and it is expressed as
Eb
N0 imp
= lim
SNR→∞
[
SNR exp
(
−
C(SNR)
S∞
)]
. (4)
IV. POWER-BANDWIDTH TRADEOFF
CHARACTERIZATION
Consider the scheduling problem such that K users in
the multiuser relay channel are to be assigned time-slots
for transmission/reception over a common bandwidth.
This problem involves transmissions over three types of
links: (i) LB: Wireless cellular backhaul link between
the base station and relay station with received SNR
equal to SNRB , (ii) LR: The link between the relay
station and users with average SNR equal to SNR(r)
and complex channel gains {gk}Kk=1 and (iii) LD: The
direct link between the base station and users with
average SNR equal to SNR(b) and complex channel
gains {hk}Kk=1. In this context, we employ the maxi-
mum signal-to-interference-plus-noise ratio (max-SINR)
opportunistic scheduling algorithm, which always serves
the user with the best instantaneous rate at any given
time/frequency resource, in conjunction with two trans-
mission protocols over the multiuser relay channel:
a) Direct transmission (no relaying): Only link LD is
active for all available time resources. The base station
compares the instantaneous rates over the direct links
between itself and the users determined by the channel
gains {hk}Kk=1 and assigns link LD to the best user with
the highest instantaneous rate.
b) Two-hop relaying: Links LB and LR are active
for this relay-assisted multihop routing protocol. We
assign positive time-sharing coefficients βB ∈ [0, 1] and
βR ∈ [0, 1] to links LB and LR, respectively, to specify
the fractional time during which these links are active,
such that βB + βR = 1. The relay station compares
the instantaneous rates over the links between itself and
the users determined by the channel gains {gk}Kk=1 and
and assigns link LR to the best user with the highest
instantaneous rate. The base station communicates with
the selected user over a two-hop route through the relay
station.
5For the AWGN channel; C(SNR) = ln(1 + SNR) resulting in
S0 = 2, (Eb/N0)min = ln2, S∞ = 1 and (Eb/N0)imp = 1.
A. Opportunistic Multiuser Scheduling with Direct
Communication
Assuming Gaussian inputs, i.e., all input signals have
the temporally i.i.d. zero-mean circularly symmetric
complex Gaussian distribution, the maximum support-
able spectral efficiency over the multiuser relay channel
achieved by direct communication in conjunction with
opportunistic scheduling is given by (in nats/s/Hz)
C
direct(SNR) = E
[
max
k=1,...,K
C(SNRα(b) |hk|
2)
]
(5)
= c
(h)
K (SNR)κ+ d
(h)
K (SNR), (6)
where the closed form expression in (6) follows from
direct application of the extreme-value theoretic analysis
in [1] for the asymptotic regime of large K and assumes
Type I convergence [29] on the maxima of the i.i.d.
instantaneous spectral efficiency realizations in (5), that
depend on the channel power gains {|hk|2}Kk=1, i.e., Fh
belongs to Type I domain of attraction leading to the
Gumbel limiting extreme-value distribution. In (5), the
spectral efficiency function C(x) is defined as C(x) =
ln(1+x) and we express SNR(b) as SNR(b) = α(b) SNR.
Moreover, in (6), κ ≈ 0.57721566 is Euler’s constant
and c(h)K (SNR) and d
(h)
K (SNR) are given by
c
(h)
K (SNR) =
SNRα(b) a
(h)
K
1 + SNRα(b) b
(h)
K
,
d
(h)
K (SNR) = ln(1 + SNRα
(b) b
(h)
K ),
where a(h)K and b
(h)
K are the sequences of constants
necessary to ensure the following convergence in dis-
tribution as K →∞ (cf. Lemma 1 in [1]):
P
(
maxk |hk|
2 − b
(h)
K
a
(h)
K
≤ x
)
→ exp(− exp(−x)).
(7)
The following theorem states our results on spectral
efficiency vs. Eb/N0 characterization for direct
communication in the presence of multiuser diversity
gains from opportunistic scheduling:
Theorem 1: In the asymptotic regime of large K ,
assuming that Fh belongs to Type I domain of
attraction leading to the Gumbel limiting extreme-value
distribution, the power-bandwidth tradeoff for direct
communication with opportunistic scheduling can be
characterized through the following relationships:
Low EbN0 regime:
Eb
N0
direct
min
=
ln 2
α(b)
(
κ a
(h)
K + b
(h)
K
) ,
and Sdirect0 =
2
(
κ a
(h)
K + b
(h)
K
)2
b
(h)
K
(
2 κ a
(h)
K + b
(h)
K
) .
High EbN0 regime:
Eb
N0
direct
imp
=
1
α(b) b
(h)
K
exp
(
−
a
(h)
K
b
(h)
K
κ
)
,
and Sdirect∞ = 1.
We clearly see from Theorem 1 how multiuser diversity
gains impact the energy and spectral efficiency mea-
sures of the bandwidth-limited high SNR and power-
limited low SNR regimes. In particular, the scaling
constants a(h)K and b
(h)
K impact both of (Eb/N0)directmin
and (Eb/N0)directimp , as well as Sdirect0 , although it should
be noted that S0 converges to 2 as K →∞. Assuming
Rayleigh fading distribution on Fh, we have a(h)K = 1
and b(h)K = log(K), which implies that (Eb/N0)directmin
and (Eb/N0)directimp decay at a rate of at least 1/ log(K)
in the regime of asymptotically large K .
B. Opportunistic Multiuser Scheduling with Two-Hop
Relaying
Assuming Gaussian inputs, the maximum supportable
end-to-end spectral efficiency over the multiuser relay
channel achieved by two-hop relaying in conjunction
with opportunistic scheduling is given by (in nats/s/Hz)
C
relay = min [βB C (SNR) ,
βR max
k=1,...,K
C
(
SNRα(r) |gk|
2
)]
(8)
= βB C(SNR)− βR c
(g)
K (SNR) Ei(zK(SNR)),
(9)
where the closed form expression in (9) follows from the
extreme-value theoretic analysis in [1] for the asymp-
totic regime of large K (cf. Theorem 2 in [1]) and
assumes Type I convergence on the maxima of the i.i.d.
instantaneous spectral efficiency realizations in (8), that
depend on the channel power gains {|gk|2}Kk=1, i.e., Fg
belongs to Type I domain of attraction leading to the
Gumbel limiting extreme-value distribution. In (8), we
express SNR(r) and SNRB as SNR(r) = α(r) SNR and
SNRB = SNR. Moreover, in (9), Ei(x) is the exponen-
tial integral function defined by Ei(x) =
∫∞
x
e−y
y dy,
zK(SNR) is given by
zK(SNR) = exp
(
βR d
(g)
K (SNR)− βB C(SNRB)
βR c
(g)
K (SNR)
)
.
and c(g)K (SNR) and d
(g)
K (SNR) are given by
c
(g)
K (SNR) =
SNRα(r) a
(g)
K
1 + SNRα(r) b
(g)
K
,
d
(g)
K (SNR) = ln(1 + SNRα
(r) b
(g)
K ),
where a(g)K and b
(g)
K are the sequences of constants neces-
sary to ensure the following convergence in distribution
as K →∞ (cf. Lemma 1 in [1]):
P
(
maxk |gk|
2 − b
(g)
K
a
(g)
K
≤ x
)
→ exp(− exp(−x)).
(10)
The following theorem states our results on spectral
efficiency vs. Eb/N0 characterization for two-hop
relaying in the presence of multiuser diversity gains
from opportunistic scheduling:
Theorem 2: In the asymptotic regime of large K ,
assuming that Fg belongs to Type I domain of
attraction leading to the Gumbel limiting extreme-
value distribution, the power-bandwidth tradeoff for
two-hop relaying with opportunistic scheduling can be
characterized through the following relationships:
Low EbN0 regime:
Eb
N0
relay
min
=
ln 2
βB − βR α(r) a
(g)
K Ei (ζK)
,
and Srelay0 =
2
(
βB − βR a
(g)
K α
(r) Ei (ζK)
)2
βB − 2 βR a
(g)
K b
(g)
K (α
(r))2 Ei (ζK)
,
where
ζK = exp
(
βR α
(r) b
(g)
K − βB
βR α(r) a
(g)
K
)
.
High EbN0 regime:
Eb
N0
relay
imp
=


(
1 /
(
α(r) b
(g)
K
))
exp
(
− a
(g)
K κ / b
(g)
K
)
for βB < βR
exp
((
a
(g)
K /b
(g)
K
)
Ei
((
α(r)b
(g)
K
)b(g)
K
/a
(g)
K
))
for βB = βR = 1/2
1 for βB > βR
and Srelay∞ = min [βB, βR] .
We clearly see from Theorem 2 how multiuser diversity
gains impact the energy and spectral efficiency mea-
sures of the bandwidth-limited high SNR and power-
limited low SNR regimes. In particular, the scaling
constants a(g)K and b
(g)
K impact both of (Eb/N0)
relay
min and
(Eb/N0)
relay
imp , as well as S
relay
0 . Moreover, our anal-
ysis specifies the dependence of all power-bandwidth
tradeoff measures on time-sharing coefficients βB and
βR. Finally, we note that the behavior of the energy
efficiency measure of the bandwidth-limited high SNR
regime, (Eb/N0)relayimp , varies in a piecewise fashion as a
function of βB and βR.
V. NUMERICAL RESULTS
For the following numerical study, we assume
Rayleigh fading distribution on Fh and Fg that leads to
a
(h)
K = a
(g)
K = 1 and b
(h)
K = b
(g)
K = log(K), and further-
more set K = 20, α(b) = 0.01, and α(r) = 1. Selecting
K = 20 is typical as the number of users per sector in a
relay-based cellular network (e.g., wireless metropolitan
area networks (WMANs) based on the IEEE 802.16j
multihop relay standard [30]), and moreover the choices
of α(b) = 0.01, and α(r) = 1 are realistic when the users
are located at the cell edge, when the use of multihop
relaying is most beneficial for leveraging the system-
level performance of cellular networks [10].
In Figs. 2-4, we plot spectral efficiency vs. Eb/N0
for direct communication and two-hop relaying in the
presence of opportunistic scheduling for different values
of βB and βR. Here, we compare empirically gen-
erated power-bandwidth tradeoff curves (solid curves)
with their analytical counterparts (dashed curves) from
Theorems 1 and 2 for the low and high Eb/N0 regimes.
The empirical results are obtained by averaging the
expressions in (5) and (8) over a large number of
randomly generated fading realizations (based on Monte
Carlo simulations) for various SNRs and computing
the power-bandwidth tradeoffs from this set of average
spectral efficiencies based on Eb/N0 = SNR/C(SNR),
where C(SNR) is determined empirically.
From Figs. 2-4, we validate the accuracy and tightness
of the closed-form expressions presented in Theorems 1
and 2 for the power-bandwidth tradeoff in the scenarios
of direct communication and two-hop relaying. In par-
ticular, we verify that our analytical results are well in
agreement with the empirical results for all ranges of
βB and βR, despite the fact that K is set at the finite
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Fig. 2. Spectral efficiency vs. Eb/N0 for direct communication vs.
two-hop relaying with opportunistic scheduling for βB = 1/3 and
βR = 2/3. Solid curves represent empirical power-bandwidth trade-
offs while dashed curves are analytical power-bandwidth tradeoffs.
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Fig. 3. Spectral efficiency vs. Eb/N0 for direct communication vs.
two-hop relaying with opportunistic scheduling for βB = 1/2 and
βR = 1/2. Solid curves represent empirical power-bandwidth trade-
offs while dashed curves are analytical power-bandwidth tradeoffs.
value of 20. Moreover, we observe that in the power-
limited low SNR regime, multihop relaying provides
a superior power-bandwidth tradeoff (and a significant
power efficiency gain) over direct communication in the
presence of multiuser diversity gains from opportunistic
scheduling.
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